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by J, C. Fxglish -uid C. '3. Smith ( U. of l'1a.)

: aglnc a thin orthotropic plate of idforn thiclmess laving

two perpneiicular axo : of elastio symmetry in the plano of

tie plate. i.. infinite rectmi ular plate of this type con-

tainin a circular Isotropic disk is considered. A uniform

tension is asSuMed to act along two opposite edges of the

plate. For simplioity the edges of the plate vil be taken

to be parallel to the two axes of elastic symmetry. It is

further assumed that the strains mar small and remain vithin

the limits of perfect elasticity. T2he problem wll be treat-

ed as a problem of plane stress.

The center of the circular disk is chosen as the center of

the coordinate system and the X and Y - axems are chosen to be

parallel to the axes of elastio symetry of the plate. Using

the notation of S. Timoshenko I the boundary conditions are

=S
ai=0 A ... o

A-

2'C( X U (X(

11 * This paper vmo written under an office of 1aval flesoaroh
contract.

1 Timoshenko8, . *Theory of LlastiOity ( lew York: ioGrawt Hill
Book Company, 1951.)
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In the statement of the boindary oonditions the prime denotes

quantities assoolated v4th the disk, and a is the radius of the

disk whnose boundary is given by:

X a COo 0

Y a Sine

71henever the word plate Is used the region exterior to the

disk is intended. In the plate the oomponents of stress and of

strain are related as follo=r2 8

011- = - - _ (2)

In these relations Ex and E are Young's moduli in the X and

Y direotions respectivelyl -4 is Poisson's ratio; and G is the

modulus of rigidity.

For plane stress the equations of equilibrium are:

T, of? ba,2~r22uJ ~ b

, a F su

F1

2 C. Bassel Smith, Quarterly of Applied t.iath. 6,

!52-456 (1949)
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Substitution of c-cjuLit !(;. ) 1IVo oquaxlcaix (2', uslnC the

relation , Gives

I 'F' - _. tF

;x~ (5)

If these values are substituted into the oompatibility

equation,

one has the follwing equation

I. - L- +

Let K C+(6
and f . rhe. the oMatibility equation can be iwitten

as

S(7)

Assuae F F( X + 7) an, substitute this into the

new form of the eompatibility equation to obtain the folli-

ing equation in 8
It + 2.K 6 %+ 1 0

Therefore

KV7
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tI. :ood.cJ piuto 'U11 b o hoea as an oxamplo mid,

sinoe for vood 1Q as Iefinel is probably alw-ys Creator thmi

one 3 , let K C-4A* then C A L

hot-i the compatibility equation eon be rewritten as

where t

It can be shom by diroot substitution that the oompati-

bility equation is satisfied by any stress funotion of the form

whfere

Consider an infinite reotmngular orthotroplo plate containing

a circular or elliptic hole, Assume that a vniform tension is

applied along two opposite edges and that the odges of the plate

3C.13. Smith, Effeot of Elliptio or Cirotular Holes an the
stress Distribution in plates of wood or plwood considered as
orthotropio materials, Forest Products Laboratory Report U1o 1510,1944.



(In the ca~e if thO 0111PUC hole 0110000 the Xof the (10)

ellipse to be th e coordinaote caes and assume that theso axes are

parallel -to the elastic axes.) 21or this problem the solution is

lo0=4o 2110 stress function is

In this stress function A and B are complex oonstants mid

s, U, , a, and /3 are defined as follovm:

w, -x ,;- + 7?" 1

In order that the stresses shall be single-vnlued, l1Uan ,12

are assignod values such that the follomg inequalities are

Iialvays satisfied: 121 + 1.11 ; Y 122 + 1121 > a

For the problem of the infinite orthotropic plate containing

a circular or an elliptio hole the boundary conditions at infinity

are identical to the boundary conditions at infinity for the

Iproblem of this paper. From the nature of the problem oonsid-

ered hero it appears that the form of the stress funtion given

above vill be suitable for the plate. It will be shown that

this is true.

4 Smith, ibid
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Ah ;bo cKry conitions jnf .oi tbaet

0-9 = ~ --7i~ +~~4~

Z Ve'e A

The boundary conditions at irfin-ty, namely,

can easily be shown to be satisf'ied provided only that A and

B are finite.

In order to satisfy the boundary conditions at r~a, use

will be made of the following relationships between polar and

rectangular stresses,

074" +(r Qeo & e +4M , 0A- (12)

A- C & +(C 4. e49 +G7O ~e ~ (C *4 e..MJe)

where 9 is the polar angle. From these relations using (11)

Tt and for the plate are foumd to be

I+ W s (z'-W cC"49)

- S .A.. Code-

"44

W ( 16W)
iv, ( 6C~ 4' - iC.a A



ring, uhloh includes an a special case a oircular disk , is

given by S. Timoshenkc5. To prevent multiple valued stresses

and to prevent infinite stresses at the origin some of the con-

stants of the stress fhmction are necessarily zero. From

Timoshenko's stress function ' and 4 for the disk are

found to be

C,-'= 2,+.A c2.,,o+ 2.M

~ 2.. hwhL

If CQ (13); 4(13) 4r4(14); and .,,,(14) are evaluated for

r a and if r (r = a) is equated to G' (r = a) nd Lo (r - a)

to (r - a) then the boundary oonditions (1) are satisfied

except for those relating to displacementa.

When the horizontal and vertical displaoements in the plate

are equated to the horizontal and vertical displaoements in the

disk respectively as required by the bowidary oanditions (1)

5 Timoshenko, op. oit. P 114
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termini edo If Timosheratol rtross function for the disk is

expressed as a fwuction of X and Y and the rectangular stress-

es are obtained by differentiation thFn the rectangular dis.

plaoements in the disk :an be obtained by substitution of the

exprez.ions for the rectanGular stresses into equations (2)
and ntegrating. This yields6

(15)/

(l) arnd 1'(x) M on be shown to be equal to zero.

The rectangular stresses for the plate are Imown (11).

In a similar manner the displaements in the plate are found

to be

U- RL  +,,, ,-

+ AL+

(16)

-~c N + Vo,,)
._6 v.(x)

where UO (Y) and V0 (X) oan be shon to be equal to zero.

Bquating U (16) to U, (15) and V (16) to V' (15) Imposes

S6 Sine the disk Is isotropic Ex By B and



tlhe DCxGt tWo bow1.wrIy 0oo.itios (1). This detcrmi ., j A and B

uniquely.

I 'L / ( 1+ /3 C ) . ( of r -A d C ) E .# + ( ' 4 J
A

(17)

El

[ (1s1 - ___S___(,-__

It is desirable to show that for a rigid disk, that lS,

for B - -O, the stress fumotion of this paper reduoes to the

Imovm stress funotion for the oase of the rigid disk7. It is

suffclient to shot that the constants A (17) and B (18) reduoe

to the proper form sinoe the form of the stress funotioms for

these two oases is the same. By taking the limit of A and of

B as E -%-so and s .mplifying it follows that

(
7 Alvin Jewel Owens "Effeot of a Rigid Elliptio Disk on the

Stress Distributio inan OrthotropiO Plate." Dootoru' Thesis,
U. of Florida, 1950-
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( isotroplc case. A sufficient condition is that 0- O since

K 1 and (7) reduces to the bihnrmonio equation for the

isotropic case,

The expression for the orthotropic stress function becomes

indetermlaite as 0- o, Successive application of L'Iospital's

rule gives for the isotropic stress function

.... -ER
+1VI- 1 dO[V'C-2* (21)

3.[(1+ . 1.')- e,[' ;9.  + ,.',J

+ ( E')E - -() V.)

It can be shoim that the stress function reduces to the

one given by Timoshenko9 for an infinite rectangular ortho.

tropic plate with a oiroul' ,r hole whenever E'- 0.

As examples of -the results obtained, consider a lag

rectangular, plain- satin plate of Sit1 spruce, and a lares

rectangular plate of steel. Each plate will be taken to have

a small cioular copper disk at Its center.

Since shearing stresses are probably more important in pro-

duoing failure in a wooden plate, Figure 1 is given to show the

variation of the shear stress component around the boundary of

the disk. Also since it is failure of the wooden plate that is
of the most concern, stresses along the coorinate axes exterior

to the copper disk are given in subsequent figures.

9 Timosbaenko, op. cit. p 77
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Pigum 1. Variation of the shes stress omopit To,+
at points along the boundary of a airoular ooppew disk of
radius a with oenter at the oriin for a plaln-savi plate of
Sitka spruoe and for an isotropio (steel) plate..
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Figure 2. Variation of the normal stress oomponentat points along the X-axis exterior to a oiroular oopper disk
of radius a with center at the origin for a plain-sa m plate
of Sitka spruoe and for an isotropio plate.
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Figu 3. Variation of the normal stress oompcaewi nt
at points along the X-eds exterior to a oiroular oopper disk
of radius a with Oenter at the origin for a pla=-sam plate
of Sitka spruoe and for an $sotztop.o plate.
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PIgui 4. Vaz'iatiwi of the nora. ptmz'euumtq.
at Po1Dts flcg the Y-n48 ebewior to a 01aW omw disk
of radius a with oenter at the orimin for a plain.sameu plate
Of Sitcm spruce and, for em igotiopic plaite.
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Figure 5. Variation of the normal stress oomponent (rv
at points along the Y-axis exterior to a oiroular copper disk
of radius a with center at the origin for a plain-saim plate
of Sitka spruce and for an Isotropic plate.
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